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A continuum model is developed to describe surface evolution of Si �100� during normal incidence ion
sputtering with Fe incorporation. The model integrates curvature-dependent erosion �CDE�, ballistic smooth-
ing, and ion-enhanced viscous flow as the surface processes during ion sputtering without Fe. And it integrates
surface stress and preferential sputtering as the effects of Fe incorporation. According to our model, in the
presence of Fe, the surface stress-induced instability together with CDE overcomes ballistic smoothing, leading
to dot pattern formation in morphology. In addition, preferential sputtering, cooperating with the morphological
instability, accomplishes the patterning in composition. The simulations based on this model qualitatively
reproduce Fe motivated ion patterning and the surface evolution of prepatterned Si �100� during postsputtering.
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I. INTRODUCTION

Ion-sputtering-induced nanopatterning of solid surfaces
has received considerable attention for its effectiveness in
producing ordered nanostructures in a well-controlled
manner.1–6 On the other hand, fabrication of Si nanostruc-
tures has long been a subject under investigation due to its
potential applications in the development of future
optoelectronics.7–12 The formation mechanism has been de-
scribed theoretically by the competition between the surface
instability and surface relaxation process.13–16 However, re-
cently it shows that metal incorporation during ion sputtering
may influence pattern formation. Ozaydin et al.17 reported
that molybdenum incorporation triggers the formation of or-
dered dot arrays on Si surfaces under the bombardment of
Ar+ ions at normal incidence while no correlated structures
are generated in the absence of the impurities. Hofsäss and
Zhang18 found that codeposition of Au, Ag, and Pt surfac-
tants generates novel patterns and nanostructures on Si sur-
faces during ion sputtering, which are absent without the
surfactants. Sanchez-Garcia et al.19 observed a transition
from hole to dot pattern on Si by tuning the amount of metal
incorporation during ion sputtering at normal incidence.
Macko et al.20 observed a variety of patterns on Si surface
under ion bombardment with simultaneous sputter deposition
of stainless steel. Zhou et al.21 observed dot patterning in
both morphology and composition of Si �100� surfaces dur-
ing ion sputtering with Fe incorporation but only surface
smoothing in the absence of Fe. These findings add a new
aspect to the present understanding of surface morphology
evolution during ion sputtering and suggest modeling studies
to describe these phenomena.

In this contribution, a continuum model is developed to
describe surface evolution of Si �100� during normal inci-
dence Ar+ ion sputtering with Fe incorporation. This model,
expressed as a coupled two-field equation, describes both
morphology and composition evolution by integrating a
number of relevant mechanisms. Among these mechanisms,
surface stress and preferential sputtering, as two possible ef-
fects of Fe incorporation, originate dot patterning. In our
model, the surface stress induces patterning in morphology

by competing with smoothing mechanisms. Preferential sput-
tering, cooperating with the surface stress-induced instability,
accomplishes patterning in composition. The numerical
simulations based on the model qualitatively reproduce Fe
motivated ion patterning and the surface evolution of prepat-
terned Si �100� during postsputtering without Fe.

II. A CONTINUUM MODEL

Modeling of ion-induced surface nanopatterning was pio-
neered by Bradley and Harper �BH�13 on the basis of the
sputter theory of Sigmund.22 They explained the formation of
periodic patterns as a result of competition between the sur-
face instability induced by curvature-dependent erosion
�CDE� and thermal surface diffusion. Later, the BH model
was extended into nonlinear regime14–16,23,24 to explain more
experimental features, such as the amplitude saturation.
However, all these models are not applicable to describe Fe
incorporated Si surface nanopatterning since the metal impu-
rity effect is not included. Recently, Shenoy et al.25 proposed
a model to describe sputtering of alloy surfaces, which de-
scribes the evolution of both surface height and composition.
In this work, we develop a continuum model which inte-
grates a number of surface processes relevant to Fe incorpo-
rated ion patterning.

Ion sputtering of Si �100� surface with Fe incorporation is
depicted in Fig. 1. A beam of Ar+ ions is incident normally
onto the surface with a uniform flux of F. Fe atoms are
codeposited onto the surface at a constant rate. Due to cas-
cade collision and ion mixing, an altered surface layer is
formed during sputtering. In the following, we restrict our
attention to this layer and assume that all the surface pro-
cesses relevant to ion patterning take place in this layer. For
steady state sputtering of a planar surface, the surface layer
thickness �, and compositions cSi and cFe=1−cSi keep con-
stant. Due to the stochastic nature of ion impacts, surface
height and composition perturbations h�x ,y , t�, �Si�x ,y , t�
and �Fe�x ,y , t� are applied to the steady state profile. The
perturbations of sputtered atoms flux, to first approximation,
write �FSi=FYSi��Si−cSi�h� and �FFe=FYFe��Fe−cFe�h�.25 �h
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represents the BH instability rising from CDE. At normal
incidence, �h writes

�h = G�2h , �1�

where G denotes the negative surface tension coefficient.15

�h is assumed to be the same for both species of atoms.25

Apart from direct ion sputtering, ion-enhanced viscous flow
�IVF�,6,26 ballistic smoothing,27,28 and stress-induced mass
transportation29 are also considered as the relevant surface
processes for nanopatterning. IVF, as a long-range mecha-
nism, can be regarded as composition independent and exerts
influence only on height evolution as follows:

�h

�t
= − F�

��3

�r
�4h , �2�

where �, �, and �r denote atomic volume, surface energy,
and viscosity,6 respectively. Ballistic smoothing process as
described by

�h

�t
= F���2h �3�

is also assumed to be identical for both species for simplicity.
� represents the sum of the displacements of recoils.28 For an
undulated surface, a tensile stress induces variation in local
chemical potential and then yields surface atomic transporta-
tion as follows:

Ji =
ciBi

��
p � h , �4�

where

p =
�1 − �s

2��0
2

�Es
and Bi =

Di	�2�

kBT
.

The subscript i corresponds to Si or Fe. Es, �s, �0, Di, 	, kB,
and T denote Young’s modulus, Poisson ratio, surface stress,
diffusivity, areal density of surface mobile atoms, Boltzmann
constant, and temperature, respectively.29,30 p describes the
strength of the surface atomic transportation induced by
stress, which is positive for tensile stress and negative for
compressive stress.30 It is evidenced that a surface tensile
stress could be induced by metal incorporation during ion

sputtering of Si surfaces.29 p is regarded proportional to cFe
with a prefactor being taken as 1 nm−1 as a reasonable ap-
proximation. This tensile stress-induced surface mass trans-
portation gives rise to a surface instability, which could result
in surface modulations by competing other smoothing
mechanisms. Taking all these surface processes into account,
we obtain two coupled equations for surface height and com-
position evolution as follows:

�
��Si

�t
= ���cSi − 1���FSi + � · JSi� + cSi��FFe + � · JFe�� ,

�h

�t
= − ���FSi + �FFe + � · JSi + � · JFe� + F���2h

− F�
��3

�r
�4h . �5�

Adopting the definition H=h /�, the evolution equations take
the form

��Si

�t
= D�2H − C�Si,

�H

�t
= − A��4H + D��2H + C��Si, �6�

where

C =
F�

�
YSi�cFe + cSiRY� ,

D = F�YSiGcSicFe�1 − RY� + BSi
p

�
cSicFe�RD − 1�

A� = F�
��3

�r
, C� =

F�

�
YSi�RY − 1� ,

D� = F�YSiG�cSi + cFeRY� + F�� − BSi
p

�
�cSi + RDcFe� .

�7�

RY and RD denote, respectively, the ratios YFe /YSi and
DFe /DSi. In Eq. �6�, the nonlinear terms have been omitted
for brevity. Since Si concentration is in complementary with
Fe in the form �Fe=−�Si, we just consider the evolution of
�Si. This model is within the linear regime so that any
experimental features related to nonlinear effects are not
included here.

III. SIMULATION AND DISCUSSION

A. Dot pattern formation with Fe incorporation

Ion sputtering has been conducted with and without Fe
incorporation on two Si �100� samples, denoted as A and B,
respectively.21 The power spectral density �PSD� functions
obtained from the atomic force microscopy �AFM� images
�inset� of the two samples are given in Fig. 2�a�. It shows

Ar+ Fe Ar+ Ar+Fe

Si substrate

∆
Surface layer with Si and Fe

x,y

z

FIG. 1. �Color online� Sketch of a Si �100� surface bombarded
by normal incidence Ar+ ions with Fe codeposition. A surface layer
with morphological and compositional modulation is formed during
sputtering.
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that a nanopatterned surface with a roughness of 0.85 nm is
formed on Sample A, which is sputtered with Fe incorpora-
tion. In contrast, only a smooth surface with a roughness of
0.23 nm is observed on Sample B, which is sputtered without
Fe incorporation. Moreover, a compositional modulation
�higher Fe concentration at the top of the dots� is indicated
by the cross-sectional high-resolution transmission electron
microscopy �HRTEM� image of Sample A �the nanopat-
terned Si �100� surface� as shown in Fig. 3�a�.

Simulation of Si surface evolution during normal inci-
dence 1200 eV Ar+ ion sputtering with and without Fe incor-
poration is performed by numerical integration of Eq. �5�.
The parameters for simulation are listed in Table I. The mag-
nitude of � scales with ion energy from �0.1 nm at 100 eV
�Ref. 28� to �1 nm at 1 keV. The energy of incoming Fe
atoms �tens of electron volt20� is higher than that of the Si

atoms on the surface, leading to a higher surface mobility of
Fe than Si. However, due to energy transfer by collision, the
difference in mobility between Fe and Si could not be very
much. Therefore, we take RD=2 as an attempt. The values of
BSi and F���3 /�r are chosen by making the simulated pat-
tern closest to reality. However, the relative relation between
BSi and F���3 /�r, i.e., BSi
F���3 /�r,

26 is still satisfied.
The finite-difference frequency domain is adopted as the al-
gorithm with system size 250�250, spatial step 4 nm and
time step 1 s. cFe is set to be 0.6 and 0 for Samples A and B,
respectively, mimicking Fe incorporation being switched on
and off. Additionally, the evanishment of the compositional
perturbation in the case of Sample B is represented by �Si
=0. After 650 steps of calculation, the morphologies
�1 �m�1 �m� of Samples A and B are exhibited in Fig.
2�b� with the corresponding PSD functions. Sample A shows
a correlated dot pattern with the periodicity of 45 nm as
revealed by the PSD function. The surface roughness is 2.39
nm. In contrast, no pattern is formed on Sample B and the
roughness is only 0.0028 nm. It is seen that the surface mor-
phology evolves in a manner resembling that shown in Fig.
2�a�. Furthermore, the modulation in Fe concentration �indi-
cated in Fig. 3�a�� is also reproduced by simulation as shown
in Fig. 3�c�. A close examination of Figs. 3�b� and 3�c� re-
veals that the modulation in Fe concentration is in phase with
that in height, which is consistent with the TEM measure-
ment. The correlation coefficient of surface height and com-
position is 0.98.

In the above case, the surface instability induced by CDE
is overwhelmed by ballistic smoothing, as indicated by
�F�YSiG�F�� according to Table I. In the absence of Fe,
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FIG. 2. �Color online� �a� AFM images 1 �m�1 �m �inset�
and the corresponding PSD functions from Si �100� surfaces after
sputtering in the presence and absence of Fe incorporation �A and
B, respectively� �Ref. 21�. �b� Simulation of 1 �m�1 �m surface
morphologies and the PSD functions.
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FIG. 3. �Color online� Cross-sectional HRTEM image of the
correlated nanodots generated by Fe incorporated ion sputtering �a�
�Ref. 21�. The simulation results of �b� surface morphology and �c�
Fe concentration are both modulated and in phase with each other.
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our model is reduced from a coupled two-field equation to a
one-field equation, which resembles the linear theory of BH,
as follows:

�H

�t
= − A��4H + D��2H , �8�

where

A� = F�
��3

�r
and D� = F�YSiG + F�� .

The dominance of ballistic smoothing over CDE, expressed
as �F�YSiG�F��, makes D� negative, leading to surface
decay over the whole spatial spectrum according to Fourier
analysis of Eq. �8�. Hence, surface smoothing is observed in
the absence of Fe. With Fe being incorporated, preferential
sputtering and surface tensile stress come into effect. The
tensile stress-induced surface instability works as an essen-
tial mechanism for nanopatterning. Together with CDE, this
new surface instability overcomes ballistic smoothing �indi-
cated by �F�YSiG−BSip /���F��� and leads to surface
modulation. A mathematical analysis reveals that in the ab-
sence of the tensile stress, i.e., p=0, surface smoothing is
still dominant no matter how different YSi and DSi are from
YFe and DFe, indicating that preferential sputtering alone can-
not lead to modulation either in morphology or in composi-
tion. On the other hand, in the absence of preferential sput-
tering, i.e., YSi=YFe and DSi=DFe, D and C� equal to zero
and Eq. �6� becomes

��Si

�t
= − C�Si,

�H

�t
= − A��4H + D��2H . �9�

Although the tensile stress still leads to modulation in sur-
face height, no modulation is generated in composition as �Si

decays exponentially. Therefore, the tensile stress induces an
instability that stimulates modulation in morphology while
preferential sputtering cooperating with this instability ac-
complishes modulation in composition. The rise up of the
PSD functions at low frequencies in Fig. 2�a� is attributed to
kinetic roughening,15,29 which is a nonlinear effect and there-
fore not reproduced in our simulation as a linear approxima-
tion.

B. Pattern decaying during postsputtering
without Fe incorporation

For further investigation, samples were patterned by ion
sputtering with Fe incorporation, and subsequently irradiated
without Fe.21 Figure 4 shows the AFM images of the starting
surface �a�, and those postsputtered with different fluences
�b�–�d�, respectively. The evolution of surface roughness ob-
tained from 1 �m�1 �m AFM images and that of the Fe
surface content obtained from RBS are shown in Fig. 5�a�.

Simulation of this postsputtering experiment is conducted.
In this case, cFe is set evolving with sputtering time in the
form like cFe=cFe0 exp�−0.006t� so as to mimic the decay of
Fe content due to postsputtering without Fe further incorpo-
rated. The evolution of cFe as an exponential decay can be
derived from Eq. �6�. The coefficient −0.006 is obtained by
fitting the experimental result. The other parameters follow
Table I. The surface of Sample A as shown in Figs. 2�b�,
3�b�, and 3�c� is used as the starting surface for postsputter-
ing simulation so that cFe0=0.6. The results are shown in
Figs. 4�e�–4�h� and 5�b�. The nonmonotonic behavior in
roughness evolution as shown experimentally in Fig. 5�a� is
reproduced by simulation as depicted in Fig. 5�b�. At the
beginning of postsputtering Fe atoms inherited from the pre-
patterning process still remain on the surface although fur-
ther Fe incorporation is now prevented. Therefore, the tensile
stress instability together with CDE is still large enough to
compete ballistic smoothing, i.e., �F�YSiG−BSip /���F��,
so that the surface modulation keeps growing, as shown by

TABLE I. List of the parameters for simulation.

Category Parameter Symbol Value Unit

General Ion flux F 200 �A /cm2

Sputter yield of Si YSi 0.85a

Ratio of sputter yield RY 0.625b

Atomic volumn � 0.02 nm3

Surface thickness � 2 nm

Surface energy � 10c eV /nm2

BSi 3 nm4 /s

BH instability Ratio of diffusivity RD 2

BH coefficient G −1.04 d nm

IVF IVF coefficient F���3 /�r 25 nm4 /s

Ballistic smoothing Displacements sum � 2.5 nm

aObtained by SRIM 2003.
bReference 31.
cReference 29.
dReference 15.
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Figs. 4�e� and 4�f�. With postsputtering proceeding, the in-
corporated metal atoms are gradually removed from the sur-
face and the smoothing mechanisms dominate the morphol-
ogy evolution. The smoothing process is also confirmed by
Figs. 4�f�–4�h�. In this sense, a threshold value of Fe content
is expected for the roughening/smoothing transition. When
Fe content is greater than this threshold value, the surface
instability is large enough to trigger dot pattern formation.
Figure 5�b� gives the threshold Fe concentration 0.4, i.e., Fe
content �4�1015 ions cm−2 by adopting the surface layer
thickness 2 nm. Experiment also gives a threshold of Fe
content, 1�1015 ions cm−2.21 The same order of magnitude
of these two threshold values indicates the qualitative agree-
ment between simulation and experiment. The discrepancy
might be attributed to pattern growth saturation induced by
some nonlinear effects.

C. Further discussion on the continuum model

CDE, IVF, and ballistic smoothing have been regarded by
previous studies as the relevant processes during surface
nanopatterning induced by ion sputtering.6,13,26–28 In the
presence of Fe incorporation, preferential sputtering, tensile
stress-induced surface mass transportation,29 ion-induced
segregation,32 and the change in collision cascade shape19

have been proposed as potential mechanisms. Ion-induced
segregation explains the nanopatterning process on GaSb.32

However, in our case, iron silicide has a negative formation
enthalpy with respect to Si or Fe simple substance,33 which
implies a tendency of Si-Fe integration for a lower surface
energy. Therefore, ion-induced segregation is not applicable
here. The change in collision cascade shape that has been
used to explain dot/hole transition19 can be regarded as a
high order effect which is not included in our model.

Fick’s law diffusion and Mullins diffusion are considered
as another two possible surface processes. By integrating

these two diffusive terms into our model, we simulate the
surface evolution of Si �100� during ion sputtering with or
without Fe incorporation. There is no qualitative difference
from the numerical results of the model without these two
terms, indicating that Fick’s law and Mullins diffusion are
not dominating mechanisms for Fe motivated ion patterning.
However, the integration of Fick’s law and Mullins diffusion
does improve the simulation as evidenced by a much closer
result to experiment, which shows the validity of these two
terms.

Since our model is based on a linear equation, some ex-
perimental features such as the fine shape of dots, kinetic
roughening, and pattern growth saturation cannot be
predicted.15 However, the linear model we developed
explains the basic experimental features such as pattern for-
mation in the presence of Fe, surface smoothing in the ab-
sence of Fe, and the decaying behavior during postsputtering
on prepatterned surfaces. As a first approximation, a linear
model is able to describe Fe motivated ion-nanopatterning.

IV. CONCLUSION

We developed a continuum model to describe surface
evolution of Si �100� during normal incidence Ar+ ion sput-
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surfaces prepatterned by 1200 eV Ar+ ions at normal incidence with
Fe incorporation and postsputtered in the absence of Fe at different
ion fluences. Surface roughness is shown for each image. ��a�–�d��
Experiment �Ref. 21� and ��e�–�h�� simulation.
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tering with Fe incorporation. The model integrates a number
of relevant surface processes, among which surface stress
and preferential sputtering are introduced as the effect of Fe
incorporation. In this model, the surface stress-induced insta-
bility works as origin of patterning in morphology by com-
peting with smoothing mechanisms. Preferential sputtering,
cooperating with the surface stress-induced instability, ac-
complishes patterning in composition. Based on this model,
numerical simulations of normal incidence 1200 eV Ar+ ion
sputtering of Si �100� surfaces with or without Fe incorpora-
tion and postsputtering on Si �100� surfaces prepatterned by

Fe incorporated ion sputtering qualitatively reproduce the ex-
perimental results.
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